I show that a cosmological constant of roughly the observed magnitude in the present universe is a consequence of general relativity and quantum field theory in curved spacetime, and was first predicted by Parker and Toms in 1985. This prediction follows from the "new partially summed form" of the propagator in curved spacetime. The effect is based on the contribution of massive particles to the vacuum energy and pressure. The predicted value of the present cosmological constant is proportional to the energy-density of matter in the present universe.
I. INTRODUCTION
Observations of type Ia supernovae by two independent groups [1] are reported to imply that there is a non-zero cosmological constant contributing a positive effective energy-density that makes up roughly 70 to 80 percent of the total energy-density of the present universe (including contributions of dark matter). If one assumes that the cosmological constant Λ does not change with time (except possibly in the very early universe), then the evolution with time of its contribution, ρ Λ = (8πG) −1 Λ, to the energy-density is sufficiently different from the time-evolution of radiation, ρ R , and non-relativistic matter, ρ M , as to make it very improbable that we are currently living at a time when ρ Λ is roughly of the same orderof-magnitude as ρ M + ρ R . This same improbability argument will plague any proposed explanation of the cosmological constant that does not explain why its value is linked to the values of the other forms of energy-density.
In 1985, Parker and Toms [2] evaluated the gravitational part of the quantum corrections to the general relativistic effective action, for a very general set of elementary particle quantum fields in an arbitrary curved spacetime. They showed that in the present universe there would be a significant cosmological constant, roughly of the order-of-magnitude of the average energy-density of matter and radiation (including dark matter), if there were particles of high mass contributing to the vacuum energy. The recently observed value of the cosmological constant seems to confirm this prediction, and to imply that there do exist elementary particles having masses that are a significant fraction of the Planck mass.
The relevant calculation in Ref. [2] is a direct evaluation of the gravitational part of the effective action that arises from vacuum fluctuations of quantum fields. The terms in the effective action that give rise to the cosmological constant come from non-perturbative (also called non-local) [3] contributions to the propagators of quantum fields in curved spacetime. The non-perturbative contribution comes from summing, for arbitrary dimensional spacetimes, an infinite series consisting of all terms that contain any factors of the scalar curvature R in the "proper-time" or Schwinger-DeWitt expansion of the propagator in curved spacetime [4, 5] . The coefficients in the proper-time expansion contain successively higher powers of the Riemann tensor, and its covariant derivatives and contractions. The "new partially summed form of the propagator" that results from summing all terms containing factors of R is manifestly generally covariant and contains a non-perturbative exponential factor involving the scalar curvature, multiplied by a proper-time series of terms having no 2 factors of R. When the non-perturbative exponential factor is expanded and the two series are multiplied one recovers the original expansion. The resulting terms that involve R are quite complicated, and are not known beyond a few orders. When the theorem stating that all of the R terms were summed in the new partially summed form of the propagator was first conjectured and proved [4, 5] , only the first three terms in the series expansion of the propagator had been calculated (because of the technical difficulty of calculating such complicated expressions). Since that time, several more terms have been calculated and shown to be consistent with the new form of the propagator. It is precisely because the exponential factor in the proper-time series for the propagator is extracted through the summation of the complete infinite series of highly complicated terms that involve R that its physical consequences must be regarded as realistic predictions of general relativity and quantum field theory. Although there may be other non-perturbative contributions to the propagator, this exponential one involving R appears to be the most significant, at least in the present universe. It is this factor that apparently gives rise to the recently observed cosmological constant in the present universe.
I first summarize the result derived in [2] for the effective cosmological constant. Then I show that the derived expression for the present value of the cosmological constant can explain, without fine-tuning, the observed order-of-magnitude of the cosmological constant.
It should be emphasized that an effect of the type observed is an almost inevitable consequence of general relativity and quantum field theory when elementary particles (or other fundamental objects) of high mass exist.
II. PREDICTED COSMOLOGICAL CONSTANT
In the discussion of the the cosmological constant and the Newtonian gravitational constant in Ref. [2] , the particle content of the theory under consideration was quite general, as already noted. It was found that the quantum correction to the Newtonian gravitational constant G is of importance only near the Planck time, but that the quantum correction to In Ref.
[2], we found that if the mass is sufficiently large, then the effective cosmological constant can "continue driving the inflation, even after a rapid phase transition to the true vacuum." Here I will give the argument of Ref. [2] , leading to that conclusion, but in somewhat more generality than was done there. For brevity, I will suppress the summation sign and denote by M and N the masses m i and multiplicities N i of any particle types that in the present universe satisfy the condition, BR/M 2 ≪ 1. Then in the present universe, Eq.(1) becomes
Then we obtain from the trace of the effective Einstein equation (4.4) of Ref. [2] in the present universe:
Here ρ and p denote the energy-density and pressure of the matter and radiation (including dark matter) in the universe, while the contribution of the effective cosmological constant is contained in the last term. Solving for R and substiting it into Eq.(2), we find that
When the universe is radiation dominated, with ρ − 3p = 0, this gives a zero cosmological constant (the quantum stress tensor trace anomaly is negligible at the times considered here).
However, if we assume as usual that p is small with respect to ρ in the present stage of the universe, then
We immediately see that this yields a cosmological constant that is proportional to ρ, the energy-density of the matter. Therefore, the correlation between the energy density of the matter, ρ, and the energy-density ρ Λ contributed by the observed cosmological constant is to be expected as a consequence of the present mechanism.
As in Ref. [2] , let us define the quantity w = ρ Λ /ρ. Then from Eq. (5), we find that (with
where we have now restored the summation over each type of particle that, in the present universe, satisfies the condition B i R/M i 2 ≪ 1. The quantity on the left depends only on elementary particle theory, while that on the right has presumably been recently measured.
Thus, the observed value of the cosmological constant serves as a constraint on the parameters of any proposed theory of elementary particles. This is a remarkable connection between the macroscopic and microscopic aspects of nature.
If we assume that the present universe is of the Robertson-Walker form, and that there is inflation occurring at early times that is sufficient to make the spatial curvature essentially 
This appears to be a reasonable approximate value in the light of current theories that predict multiplets of elementary particles having very large masses.
In conclusion, it appears that quantum field theory in curved spacetime and general relativity give a relatively conservative and reasonable explanation of the current observation of a non-zero cosmological constant that contributes an effective energy-density that is a significant fraction of the critical density. No fine-tuning is required in this mechanism, which was first proposed in Ref. [2] . If this is the correct mechanism, then it has important implications for gravitational and elementary particle physics.
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